We present a novel design method of a 6-axis Force/Torque (F/T) sensor with identical stiffness in all directions. In contrast to common F/T sensor designs, the proposed method is an analytical approach to the realization of a desired diagonal stiffness matrix which implies the complete decoupling of the stiffnesses in all directions. The first step of the design is to group the column vectors of a given rank 6 diagonal stiffness matrix into in-plane type and out-of-plane type stiffnesses. Each type of stiffnesses is then synthesized by means of three line vectors and designed as the corresponding serial-chain for a limb of an F/T sensor using only circular hinges. The F/T sensor can be formed by connecting the designed two serial-chains in series. However, for a practical design with minimum structural error and better strength, each of two type stiffnesses is further divided into a set of n separate serial-chains. Finally, the n-sets of serial-chains each consisting of six circular hinges that correspond in-plane and out-of-plane type stiffnesses are connected to the moving platform in parallel to complete the design. The FEM analysis and experiments are conducted to verify the proposed design method.
I. INTRODUCTION
Robots and robotic systems are widely used in a variety of fields, including manufacturing, health care, the military, and so on. As an increasing number of robots interact with or require direct contact with humans, it is important to ensure the control of robots is safe and precise. To accomplish this, researchers have been investigating force/torque (F/T) sensors suitable for measuring external forces or moments.
The most common type of six-axis F/T sensor has a cross-beam structure. This type of sensor has an advantage of relatively simple design. However, it is difficult to obtain the positional information except the magnitude of force/moment, because it is commonly designed using numerical methods, but not an analytical method. Further, it is difficult to ensure the same stiffness in every axial direction, which means the sensitivity is typically lower for lateral forces than in other directions. Not only that, complete decoupling of signals from each axis is difficult.
With regard to maximizing the decoupling of signals from each axis, Kang et al. [1] applied a design optimization The associate editor coordinating the review of this manuscript and approving it for publication was Gongbo Zhou . method to minimize the cross coupling error. Wu and Cai [2] proposed two separate cross-shaped sliding structures, one involving the forces in the x-and y-directions and the moment about the z-axis, and the other moments about the x-and y-axis and the force in the z-direction. Zhenlin et al. [3] presented a method to design the 6-axis F/T sensor that is characterized by the stiffness isotropy in which two legs of the Stewart platform are arranged parallel to each axis. Lu et al. [4] introduced a design using three RPPS compliant structures and analyzed the corresponding stiffnesses.
In addition to beam type sensors, parallel type F/T sensors have also been studied, such as the Stewart platform in which line springs are attached to each limb [5] - [10] . They can simultaneously measure both the force/moment and position information. The parallel type sensors can be synthesized for customized stiffnesses, such as a diagonal stiffness matrix at the end-effector. However, a limitation is that, due to the singularity problem, such sensors must be designed spatially as opposed to the approach used for beam type sensors, and the use of mechanical joints limits the amount of miniaturization. The sensitivity may also be impaired due to hysteresis problems caused by joint lubricant and backlash.
Lončarić [11] , Ciblak and Lipkin [12] , Huang and Schimmels [13] , Roberts [14] , and Hong and Choi [15] proposed methods to synthesize a specific stiffness matrix using a simple stiffness component implemented as a parallel type mechanism with line or torsional springs. Huang and Schimmels [16] proposed a method of synthesizing a nonsimple stiffness matrix using screw springs consisting of helical joints and line springs. Hong and Choi [17] and Huang and Schimmels [18] showed how to convert a parallel elastic device into a serial elastic device using a reciprocal relationship in a plane. Hong solved joint problems using flexible joints with hinges to replace mechanical joints and linear coil springs. In addition, Hong et al. [19] designed a serial elastic device with the stiffness matrix such that only the moments about the x-and y-axes and the force along the z-axis are related in its statics relation. They found that a serial shape was easier to miniaturize than a parallel shape; however, serial shapes are less stiff and accumulate relatively larger errors due to the twist, making them unsuitable for structures that must support a large wrench.
In this paper, we present a stiffness matrix that supports decoupling and uniformity about the origin, and propose an analytical method to design a parallel 6-axis F/T sensor with a single body. In the following section II, it is explained how to decouple the diagonal stiffness matrix with identical stiffness in all directions into in-plane type and outof-plane type stiffnesses. Section III describes the synthesis method for each type of stiffnesses by means of three line vectors and how to design the corresponding serial-chain for a limb of an F/T sensor using only circular hinges. Further, the detailed description of a practical design method for the minimum structural error and better strength is presented. Finally, the experiments are carried out to demonstrate the validation of the proposed design method.
II. GEOMETRIC DECOUPLING OF STIFFNESS MATRIX A. STIFFNESS OF ELASTIC DEVICE
Consider an elastic device in which a moving platform is connected to the base platform by several parallel mechanical connectors, or simply limbs. If the i-th limb has a spring element whose spring constant is k i , the stiffness matrix K ∈R 6×6 of the mechanism can be expressed as [13] , [17] , [20] :
where k and j ∈ R 6×n denote the diagonal spring stiffness matrix and the Jacobian matrix of the mechanism, and the i-th column vectorŝ i of j is the unit screw associated with the i-th spring k i . If the i-th spring is either a line or a torsional spring that receives a pure force, thenŝ i becomes a unit line vector (a screw with zero pitch) that represents the line of action of the force. However, if the i-th spring is a torsional spring that receives a pure moment,ŝ i becomes a unit free vector (a screw with infinite pitch). Plücker's ray coordinates of the unit line vectorŝ i are expressed aŝ
∈R 6×1 , where s i and p i denote respectively the unit direction and distance vectors to a point on the axis ofŝ i from the origin of the coordinate frames. The unit free vectorŝ i is expressed byŝ i = 0 1×3 ;s T i T . When a stiffness matrix K is given for the synthesis by means of parallel connections of line and/or torsional springs, it must satisfy the following condition [11] :
0 3×3 and I 3×3 denote 3 × 3 zero and identity matrices, respectively. The realization of 6 × 6 full rank stiffness matrix requires that the number of springs should be l≥ 6 and the number of springs with line vectors must be more than three [21] . The stiffness matrix K of (1) defines the statics relation between the applied wrenchŵ and the small displacement twist δD as:ŵ
wherê
, the vectors F and M P denote respectively the resultant force and moment about the origin. The vector δd P represents the linear displacement of the point on the moving platform that is coincident with the origin at that instant, while δφ is the angular displacement of the moving platform.
The serial-chain equivalent to an elastic parallel device can be determined from the geometric form of the compliance matrix. The compliance matrix is obtained by considering the reciprocal Jacobian of the parallel device. Let J = T 1 · · ·T n ∈ R 6×n be the reciprocal Jacobian. Each of the columns of J is a screw expressed in Plücker's axis coordinates. By definition, the i-th columnT i is the unit screw that is reciprocal to all column screws of j except for the i-th columnŝ i [22] . When n = 6, using the reciprocal Jacobian J, the compliance matrix C of the parallel device can be expressed as:
where the diagonal matrix r is determined as:
and the compliance coefficient c θ i of the diagonal matrix c θ is computed as:
The form of the compliance of (4) is the same as that of a serial device [5] whereT i represents the joint axis of the i-th joint and scalar c θ i and k θ i denote the compliance of the joint and spring stiffness of the serial device, respectively. Thus, the equivalent serial-form to the given elastic parallel device can be obtained by placing a spring with c θ i atT i . In the following, it is necessary to introduce the concept of in-plane type and out-of-plane type stiffnesses for the decoupled design of any given diagonal stiffness matrix. Decoupling of the stiffness matrix enables a simple realization by means of an elastic structure consisting of only circular notch hinges.
B. DIVISION OF DIAGONAL STIFFNESS FOR IN-PLANE AND OUT-OF-PLANE TYPE STIFFNESS
If a rank 6 diagonal stiffness matrix has three same linear stiffness constants and another three identical torsional ones, then it can be expressed as the sum of two rank 3 diagonal stiffness matrices:
where K I ,F and K O,F are the linear stiffnesses in the x-, y-and z-direction, respectively, while K O,M and K I ,M are the torsional stiffnesses about the x-, y-and z-axis, respectively. In this paper, K I ,F = K O,F and K I ,M = K O,M , we use the different symbols to avoid confusion when each type is explained. Since K is diagonal, the compliance C is also diagonal. In view of (3), K I is the mapping of stiffness betweenŵ I = F x , F y , 0, 0, 0,M Pz T and δD I = δd Px , δd Py , 0, 0, 0,δφ z T , while K O determines the statics relation betweenŵ O = 0, 0,F z , M Px , M Py , 0 T and δD O = 0, 0,δd Pz , δφ x , δφ y , 0 T . Close observation of K I reveals that a 3-dimensional wrench space can be spanned by the columns of K I , which belongs to Hunt's 4th special threesystem of screws [23] . The wrench space contains two line vectors lying on the xy-plane and one free vector perpendicular to the xy-plane. The other wrench space can also be obtained by spanning the columns of K O , which belongs to Hunt's 5th special three-system of screws. This wrench space contains one line vector perpendicular to the xy-plane and two free vectors parallel to the xy-plane. The two wrench spaces are reciprocal to each other. If it is possible to synthesize K I using parallel connection of three line springs, K I can be expressed as K I = j I k I j T I . If we letŝ I ,i (i = 1, 2, 3) be the unit column screw of j I ∈R 6×3 , then, sinceŝ I ,i belongs to the wrench space spanned by the columns of K I , only line vectors lying on the xy-plane can be used as the axes of line springs for the realization of K I . Thus, it can be expressed asŝ I ,i = s I ,xi s I ,yi 0; 0 0 q I ,i T , where s I ,xi and s I ,yi are direction cosines and the magnitude q I ,i is the minimum distance betweenŝ I ,i and the origin P. In this context, the rank 3 stiffness K I is referred to here as in-plane type stiffness. A possible realization of K I by a parallel connection of three line springs is shown in Fig. 1(a) . Similar to the approach used in (4), the compliance matrix of K I can also be obtained by considering the reciprocal Jacobian J I ∈ R 6×3 of j I , whereT I ,i (i = 1, 2, 3) is determined as the unit line perpendicular to the xy-plane and passing through the intersection of two line vectors exceptŝ I ,i . From this observation,T I ,i can be written aŝ
Plücker's axis coordinates and (x I ,i , y I ,i ) is the intersection of two line vectors exceptŝ I ,i . For instance, the screwT I ,1 represents the unit line perpendicular to the xy-plane and passing through the intersection (x I ,1 , y I ,1 ) of two line vectorŝ s I ,2 andŝ I ,3 as shown in Fig. 1 . SinceT I ,i is known, the serial form of the realization of K I can be found as illustrated in Fig. 1(b) . Q I ,i = x 2 I ,i + y 2 I ,i is the minimum distance betweenT I ,i and the origin P. The serial form consists of serially-connected three torsional springs located atT I ,i . The spring constant of each torsional spring can be obtained from (6) . Now, we consider out-of-plane type stiffness matrix The serial form that has a stiffness equivalent to out-of-plane type stiffness is shown in Fig. 2(b) . The realized form of outof-plane type stiffness consists of three serially-connected torsional springs located atT O,i with a spring constant which can be found from (6) . 
III. DESIGN OF 6-AXIS F/T SENSOR WITH IDENTICAL STIFFNESS IN ALL DIRECTIONS
where the superscript (3) is used to denote a 3 × 3 matrix. If the matrix of in-plane type stiffness is synthesized by three line vectors,ŝ I ,i , the orthocenter of the triangle formed by the three line of the springs always coincides the origin.
To prove this statement, consider the following equation obtained from (8) using J (3) I :
From (5), J 
If K I ,F and K I ,M are eliminated from (10), we obtain:
Clearly, equation (11) implies that the orthocenter of the triangle formed by the axes of three line vectors (three column screws of j
I ) coincides with the origin. Further, the following equation can be derived from (10) 
which shows that the ratio of the stiffness of the moment to that of the force depends only on the geometric shape of the triangle. K
I is invariant with respect to the change of the spring configuration by the rotation of the triangle about the orthocenter.
Similar to in-plane type, if the matrix of out-of-plane type stiffness is synthesized by three line vectors,ŝ O,i , the orthocenter of the triangle formed by the three line vectors of the reciprocal Jacobian always coincides the origin. This proposition about out-of-plane type stiffness can be proved using the compliance matrix C (3) O . The simplified out-of-plane compliance matrix C (3) O with rank three can be expressed as:
From (4), k −1 O is:
O .
Expanding (14) yields the following the off-diagonal elements:
Now, eliminating C O,F and C O,M from (15) gives:
Thus, this shows that the orthocenter of the triangle formed by the intersection of the line vectors and the xy-plane coincides with the origin P. From (15) and properties of the orthocenter, we obtain the relation between K O,F and K O,M .
The synthesis of a diagonal stiffness matrix K means the determination of six line vectors ofŝ n in (1). Here, the synthesis process can begin by selecting the direction and distance q I ,1 of the first line vectorŝ I ,1 = s I ,x1 s I ,y1 ;q I ,1 T of in-plane type stiffness K
I . The minimum distance Q I ,i between point x I ,1 , y I ,1 and the origin P can be found from (12):
The line joining P and point x I ,1 ,y I ,1 is perpendicular toŝ I ,1 (Fig. 3(a) ), and point x I ,1 , y I ,1 can be determined as follows: 
Thus,T I ,1 = 1;y I ,1 , −x I ,1 T is obtained from (19) . Sincê 
where x I ,2 , y I ,2 can be calculated from (12) and (20), s I ,2 intersects with point x I ,1 , y I ,1 and is perpendicular to a line connecting the origin P and point x I ,2 , y I ,2 (Fig. 3(b) ), andŝ I ,3 passes through points x I ,1 ,y I ,1 and x I ,2 , y I ,2 (Fig. 3(c) ). The synthesis of out-of-plane type stiffness is identical to that of in-plane type stiffness usingT O,i and C
O . The spring constant of each spring is [17] :
Clearly, the shape of a triangle constructed by the lines that are determined from the above synthesis method depends on the choice of the first line vector. However, instead of choosing the first line arbitrarily, it is also possible to find all the lines together by choosing the shape of a particular triangle. One simple and effective method is to use an equilateral triangle. Assuming that the orthocenter of the equilateral triangle is located at the origin, the line vectors of in-plane and out-of-plane type stiffnesses can be expressed using a rotation matrix with the rotation angle of ψ i :
where σ is the angle of the first line vector of in-plane type. 
C. DESIGN METHOD OF SERIAL AND PARALLEL DEVICE
Since in-plane type and out-of-plane type stiffnesses are decoupled, a serial F/T sensor can be formed by connecting torsional springs in series, as depicted Fig. 4 . When the orthocenters of in-plane type and out-of-plane type stiffnesses are coincident with each other, a 6-axis diagonal stiffness matrix can be obtained. The total Jacobian j and 6-axis diagonal stiffness matrix K can be expressed as:
For a practical implementation of minimum structural error and better strength, a set of six torsional springs as shown in Fig. 4 can be divided into multiple sets that are connected to the moving platform in parallel. In order to design a parallel device with n-limbs, the 6 × 6 stiffness matrices K I and K O are divided into respective diagonal stiffness matrices K I ,1 , · · · , K I ,n and K O,1 , · · · , K O,n that all components are positive. Each of these matrices is then synthesized using = K I ,1 + K I ,2 + · · · + K I ,n = K I ,A + K I ,B + · · · + K I ,N ,
Each of new non-diagonal stiffness matrices based on line springs can be converted into serial form by torsional springs, where one of in-plane types and one of out-of-plane types are connected serially to form one limb. Then, these n (or N ) limbs are connected in parallel, as shown in Fig. 7 , to form one device with K. If K I ,i and K O,i are synthesized using several equilateral triangles, from (23), the stiffness components K I ,F , K I ,M and K O,F , K O,M of K are: K I ,F = 1.5 k I ,1 + · · · + k I ,n ,
The process for a parallel design using an equilateral triangle is the same as that described above.
IV. EXPERIMENT OF PROTOTYPE AND DISCUSSION A. DESIGN OF 6-AXIS F/T SENSOR
The symmetry of the stiffness matrix given by (1) is assumed only for a small displacement in the statics relation of (3). Although there does not exist any clear definition of the permissible range of a small displacement, we use the permissible bounds of 0.2 mm and 0.5 • for linear and angular displacements in the experiment. The required stiffness of an F/T sensor can be dependent on the type of an application, in this work, for a compact size and high sensitivity, the maximum force of the prototype sensor is set to 20N and the maximum moment to 839.5034 N · mm for each axis. That is, K I ,F = K O,F = 100N mm and K I ,M = K O,M = 96, 200 N ·mm rad in (7) are used. It is determined after verifying that stress and strain of all hinges are within the elastic range using FEM simulation.
The prototype sensor is designed in such a way that it has three limbs for a symmetrical and stable shape as shown in Fig. 8 . To design a parallel device with three limbs, we decompose both K I and K O into the respective three stiffness matrices: The linear stiffness K I ,F = K O,F = 100 N mm is divided equally by three. Considering the designable shape, torsional stiffness constants are divided so that the distances of line vectors could be set differently as required. Therefore, k I ,i , k O,i and q I ,i , q O,i are determined as shown in Table 1 .
The synthesized line vectors are then regrouped as shown in Fig. 8(a) , and these groups are configured as a serialchain as shown in Fig. 9(a) . Since they are synthesized into equilateral triangles, the shape of each sensor beam is the same. From (6), k I ,θ and k O,θ are 20, 000 N · mm rad and 25, 600 N · mm rad, respectively. Referring to Fig. 9(a) , the angle bisectors of the triangles, r I and r O , are 30 mm and 48 mm, respectively.
The torsional spring stiffness can be realized by means of a flexible circular hinge shown in Fig. 9 . The torsional spring constant and angular displacement of the hinge can be FIGURE 10. FEM simulation results depicting the strains on the hinges(a, c, e) and the linear displacements of moving platform(b, d, f): (a), (b) the cases that F x is applied, (c), (d) the cases that F y is applied. (e), (f) the cases that F z is applied along the z-axis. determined using the following equation [25] :
where
E is Young's modulus of the material, b, ρ, and t are the width, cutting radius, and thickness of the hinge, respectively, and is the bending strain of the hinge. The structure of the prototype F/T sensor has been made of an aluminum alloy, 6061-T6. To avoid a low-rank problem, the angular displacements at the three hinges lying on the plane and the other three hinges perpendicular to the plane are measured. Thus, in this prototype sensor, strain gauges are attached to the hinges with k I ,θi1 and k O,θi1 (i = A, B, C) respectively as shown in Fig. 9(b) , δθ I ,i1 and δθ O,i1 are measured. From (3), the wrench can be obtained from the six angular displacements (at the hinges):
where j θ = ŝ I ,A1ŝI ,B1ŝI ,C1ŝO,A1ŝO,B1ŝO,C1 ∈ R 6×6 , Here, j θ is the Jacobian consisting of the line vectors about the hinges to be measured as shown in Fig. 9(a) , and δθ is the angular displacement vector of the hinges and The results of a finite element method (FEM) analysis using ANSYS are shown in Fig. 10 . The hinge design equation has the error range [26] . Therefore, in this prototype design, the thicknesses of the hinges are adjusted using trial and error method so that the stiffness of each of the hinges could be as close as possible to the theoretical spring constant.
Testing force is carried out by applying a force along each axial direction passing though the origin. When a force is applied in the direction of the x-and y-axes, the strains are localized on the hinges perpendicular to the xy-plane. Similarly, when a force is applied in z-direction, the resulting strains are concentrated on the hinges lying on the xy-plane. For the applied force of 20 N along each axial direction, the linear displacements in the x-, y-and z-directions are 0.20274 mm, 0.20279 mm and 0.19761 mm, respectively. The displacements in the other directions are within the range of −1.2111×10 −5 ∼ 1.9718×10 −5 mm, which shows they are close enough to zeros. Fig. 11 shows the test bed used for testing the prototype sensor. In the test bed, the load cell (CAS, SBA-25L) is connected to the prototype sensor that is then pressed or pulled to transfer the constant force applied by the linear stage (PI, M-126). Since the origin is located at the center of the sensor, the force adapter made of thick ABS plastic is used to transmit forces to the origin as shown in Fig. 11(a) . Moments are applied through the moment adapters attached to the sensor. Both ends of the moment adapter are pulled in opposite directions with the same force by use of steel wires as shown in Fig. 11(d) and (e). The strains on the hinges generated by the applied force/moment are measured using the data acquisition device (ADLINK, USB-2401) and used to determine the force/moment and displacements of the moving platform. The purpose of this experiment is to compare the forces/moments measured by the load cell to those calculated based on the angular displacements of the hinges.
C. MEASUREMENT SYSTEM AND CALIBRATION
The dynamic characteristics of the sensor such as a transient response have not been considered. The forces/moments are applied slowly and kept for sufficient period of time for stabilized signals from strain-gauges. Calibration is performed to compensate for the signal errors caused by the adhesive conditions of the strain gauges. When a force is applied linearly, the signals from the hinges on the strain gauge are also linear. It is therefore possible to apply calibration coefficients to the signals based on their theoretical values. The followings are the calibration equations with 
D. EXPERIMENTAL RESULTS AND DISCUSSION
The same magnitudes of linear forces are applied at the origin along the coordinate axes, i.e., |F x | = F y = |F z |. The magnitudes of the forces are 4, 8, 12, 16, and 20 N . For testing moments, the moments of 167.9007, 335.9007, 503.7020, 671.6027, and 839.5034 N · mm are applied. Figure 12 shows the results of from the experiments, FEM analyses, and theoretical computations. All the plots show linear slops of theoretical values, the FEM analyses and the experiments that are closely matched each other. Recalling that the reciprocal of the slope in each of the plots represents the stiffness, the linear and torsional stiffness values are obtained from the FEM analyses and experiments and listed together with discrepancies between them in Table 2 . The maximum error with reference to FEM result occurs in the torsional stiffness K Mz about the z-axis. However, it is noted that the discrepancy between the target value of stiffness and the experimental result stays within 0.4 %.
The linear and angular displacements of the moving platform are listed in Table 3 for the applied force and moment of 20 N and 839.5034 N ·mm, respectively. As shown in Table 3 , the linear or angular displacements in any directions other than the major direction, for example, all the other displacements for the applied force F x = 20 N , are fairly small. The largest error occurs in δφ x due to M Px , but does not exceed 3.5%. Referring to the FEM results, the linear/angular displacements in any directions other than the major direction of the applied force/moment are close to zero. Thus, it is very likely that the displacement errors are due to the noise from the strain gauge.
V. CONCLUSION
A new geometric design method of an elastic 6-axis F/T sensor is presented that is an analytical approach to the realization of a desired diagonal stiffness matrix with the same stiffness in all directions. Any given 6 × 6 diagonal stiffness matrix with the prescribed linear and torsional stiffnesses is divided into rank 3 in-plane type and out-of-plane type stiffness matrices. These two stiffness matrices are realized by means of two serial chains of circular hinges and connected together in series to form a basic elastic structure for 6 axis F/T sensor. In addition, the method of further division of each of two separated stiffness matrices are described for practical applications.
The aim of this paper is to present the theoretical development of the analytical design method of an elastic structure for a 6-axis F/T that is in satisfactory agreement with experimental results of the prototype sensor.
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